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We show that the interaction of the magnetic subsystem of a curved magnet with the magnet
curvature results in coupling of a topologically nontrivial magnetization pattern and topology of
the object. The mechanism of this coupling is explored and illustrated by an example of ferromag-
netic Mo¨bius ring, where a topologically induced domain wall appears as a ground state in case
of strong easy-normal anisotropy. For the Mo¨bius geometry the curvilinear form of the exchange
interaction produces an additional effective Dzyaloshinskii-like term which leads to the coupling of
the magnetochirality of the domain wall and chirality of the Mo¨bius ring. Two types of domain
walls are found, transversal and longitudinal, which are oriented across and along the Mo¨bius ring,
respectively. In both cases the effect of magnetochirality symmetry breaking is established. The
dependence of the ground state of the Mo¨bius ring on its geometrical parameters and on the value
of the easy-normal anisotropy is explored numerically.
Curvature driven modification of physical properties
of systems with nontrivial geometry is the subject of in-
tensive research in various areas of physics [1, 2], e.g.
electronic properties of graphene [3], molecular alignment
in liquid crystals [4], physics of superconductors [5, 6],
macromolecular structures [7]. In physics of nanomag-
netism it is possible to distinguish two groups of the cur-
vature induced effects, namely, magnetochiral effects [8–
10] and topologically induced magnetization patterning
[10, 11]. The first family units the phenomena of cur-
vature induced chiral symmetry breaking [12]. The lat-
ter typically originates from the Dzyaloshinskii-like term
appearing in curvilinear form of the exchange interac-
tion [13]. Effects of the second group appear in curvi-
linear magnets, where orientation the anisotropy axis is
determined by the geometry, e.g. along normal direc-
tion. Thereby magnetic vortices appear in ground state
of spherical magnetic shell with easy-surface anisotropy
[10], domain walls appear in ground state of a Mo¨bius
ring with easy-normal anisotropy [11].
Up to now these two families of effects were considered
to be independent. Here, we demonstrate that geometry
of the Mo¨bius ring unites these two families of curva-
ture effects; namely the topologically induced magneti-
zation patterns experience the chirality symmetry break-
ing. The Mo¨bius ring is a nonorientable surface, hence
its topology forces a discontinuity of any normal vector
field. This is the origin of the domain structure formation
for the Mo¨bius ring with strong easy-normal anisotropy,
similar to the nucleation of disclination lines in chiral ne-
matics [14]. Domain wall for the Mo¨bius geometry was
obtained numerically [11] within the model of classical
Heisenberg ferromagnet. Constrained by the topology,
we name such magnetization structure as topologically
induced domain wall. We demonstrate analytically that
topological properties of a domain wall on a Mo¨bius ring
depend on topological properties of the underlying sur-
face, namely, the magnetochirality of the domain wall is
determined by the chirality of the Mo¨bius ring. Addition-
ally, using the full scale micromagnetic simulations with
magnetostatic interaction taken into account, we confirm
these results and also build a ground states diagram for
Mo¨bius rings.
First, we formalize the notion of the Mo¨bius ring of
finite thickness. The two dimensional Mo¨bius ring can be
parameterized in the form ς(χ, ξ) = x(χ, ξ)xˆ+y(χ, ξ)yˆ+
z(χ, ξ)zˆ with
x+ iy =
(
R+ ξ cos
χ
2
)
eiχ, 0 ≤ χ < 2pi,
z = C ξ sin
χ
2
, −w
2
≤ ξ ≤ w
2
,
(1)
where R and w denote radius and width of the ring, re-
spectively, see Fig. 1. The curvilinear coordinates χ and ξ
correspond to azimuthal angle and position along the ring
width, respectively. The Mo¨bius ring chirality C = ±1
determines orientation of the ring twist, when moving
along the azimuthal direction, namely, counterclockwise
(C = +1) or clockwise (C = −1).
Using (1) we introduce the orthonormal curvilinear ba-
sis as eα = gα/|gα|, where gα = ∂ας and α ∈ {χ, ξ}. The
vector of the normal is n = eχ × eξ, see Fig. 1.
As a result the three dimensional Mo¨bius ring of finite
thickness h is now defined as the following space domain
r(χ, ξ, η) = ς(χ, ξ) + ηn, −h
2
≤ η ≤ h
2
, (2)
where the third curvilinear coordinate η determines the
position along the ring thickness. The definition (2) is
valid for the case of small thickness: h R− w2 .
To describe the space distribution of the unit magne-
tization vector m(r), it is convenient to introduce the
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FIG. 1. Geometrical notations of the problem: the 2D Mo¨bius
ring with radius R and width w is defined parametrically by
(1) and the corresponding 3D Mo¨bius ring of finite thickness
h is determined by (2). Mo¨bius rings with opposite chiralities
C are shown.
angular parametrization associated with the local curvi-
linear basis
m = sin θ cosφ eχ + sin θ sinφ eξ + cos θn, (3)
with the magnetization angles θ = θ(χ, ξ) and φ =
φ(χ, ξ).
We start with the case of strong easy-normal
anisotropy, when the formation of the topologically in-
duced domain walls is expected [11]. Two types of do-
main walls are found using full scale micromagnetic sim-
ulations, namely, transversal (t-wall) and longitudinal (`-
wall), see Fig. 2(c) and Fig. 2(e), respectively. We analyse
the properties of the topologically induced domain walls
under two assumptions: (i) the magnetostatic contribu-
tion is negligibly small as compared with the anisotropy
contribution, (ii) the ring thickness h is small enough to
ensure the magnetization uniformity along the normal
direction n. Thus, the total energy of the system reads
E = h
∫
(Eex + Ean)dS, where dS is the curvilinear ele-
ment of the surface area. Here, Eex = A
∑
i=x,y,z (∇mi)2
is the exchange contribution with A being the exchange
constant and Ean = −K(m · n)2 is the easy-normal
anisotropy density with K > 0 being the anisotropy con-
stant. In terms of the angular variables (3) the anisotropy
term reads as
Ean = −K cos2 θ. (4)
The exchange energy density for an arbitrary curvilinear
thin ferromagnetic film can be presented in the form [13]
Eex
A
= [∇θ − Γ (φ)]2+
[
sin θ (∇φ−Ω)−cos θ∂Γ (φ)
∂φ
]2
. (5)
Here, the del operator is used in its curvilinear form
∇ ≡ (gαα)−1/2eα∂α, where gαβ = gα · gβ are elements
of the metric tensor and the Einstein summation rule is
applied here and everywhere below. Vector Γ = Γαeα is
tangential to the surface and it is defined as
Γ (φ) =
∥∥Hαβ∥∥ · ∥∥∥∥cosφsinφ
∥∥∥∥ , ∥∥Hαβ∥∥ = ∥∥∥ bαβ√gααgββ ∥∥∥ ,
where bαβ = n · ∂βgα are elements of the second funda-
mental form and the vector Ω represents the modified
spin connection Ω = (gαα)
−1/2(eχ · ∂αeξ)eα.
Basic properties of the t-wall can be analysed using
the Ansatz
θt = 2 arctan ep
χ−X
σ , φt = Cp
pi
2
, (6)
which describes the structure of a typical Bloch domain
wall [15] aligned across the Mo¨bius ring. It contains
two variational parameters, namely, azimuthal angle X
which determines the position of the t-wall and its angu-
lar width σ. The quantity p = ±1 determines the wall of
kink (p = +1) or anti-kink (p = −1) type. The magne-
tochirality C = ±1 determines the direction of the mag-
netization reorientation within the domain wall, when
moving along the azimuthal direction: counterclockwise
(C = +1) or clockwise (C = −1). The usage of the Ansatz
(6) for a Mo¨bius ring has a restriction σ  X  2pi− σ.
Now we substitute Ansatz (6) into (4) and (5) and
perform the integration over the curvilinear surface area
with the area element dS =
√
det(gαβ)dχdξ. Using the
natural condition σ  1 and applying the narrow ring
approximation w/R 1, one can write the total energy
of the t-wall as follows
Et
2Ah
≈w
R
[
1
σ
+ CC
pi
2
+ σ
(
cosX − 1
4
)]
+ σ
Rw
δ2
+ const,
(7)
where δ =
√
A/K and the constant terms do not depend
on the variational parameters and on the chiralities.
Remarkably, according to (7), a coupling between the
chirality of the Mo¨bius ring C and the magnetochirality
of the t-wall C takes place. The t-walls with opposite chi-
ralities possess different energies with ∆Et = 2piAhw/R
(the t-wall with chirality C = −C has lower energy). We
note, that the energy (7) is independent of p.
The energy (7) reaches its minimum at the following
values of the variational parameters X0 = pi, σ0 ≈ δ/R.
In accordance with the parametrization (1), the equilib-
rium position of the domain wall X0 = pi corresponds to
the “vertical” place on the Mo¨bius ring, see Fig. 1 and
Fig. 2(c). This result is confirmed by full scale micro-
magnetic simulations, see Fig. 3.
To consider the `-wall, see Fig 2(e), we use the analo-
gous Ansatz
θ` = 2 arctan ep
ξ
d , φ` = pi
C+ p
2
, (8)
which describes a Bloch domain wall aligned along the
Mo¨bius ring. It should be noted that the `-wall cannot be
3of Neel type due to topological reasons. The domain wall
width d is a variational parameter. Using the condition
d  w  R we obtain the following expression for the
total energy of the `-wall state
E`
4piAh
≈ R
d
− pi
2
CC+ c0
d
R
+
dR
δ2
+ const, (9)
where c0 = 1/4 + pi
2/96 ≈ 0.353. Accordingly to (9),
the chiralities coupling appears for the `-wall as well as
for the case of the t-wall. The `-walls with opposite chi-
ralities are separated by the energy gap ∆E` = 4pi2Ah
(the domain wall with C = C has lower energy). The
equilibrium value of the domain wall width is d ≈ δ.
For both domain wall types the effect of the magne-
tochirality symmetry breaking originates from the effec-
tive Dzyaloshinskii-like term EDex = −2A (Γ ·∇θ) in the
curvilinear form of the exchange energy (5).
The curvature induced magnetochirality effects are al-
ready known for domain structure (twisting of domains)
[8], spin waves (asymmetry in the spin waves propagation
in nanotubes) [12]. Its analogy with the Dzyaloshinskii-
Moriya interaction was discussed in Ref. [12]. The pre-
sented approach highlights the origin of the these mag-
netochiral effects.
According to (7) and (9), the total energy of a t-wall
is always lower than the total energy of a `-wall. How-
ever, the carried out analysis is valid for the case of very
strong anisotropy, when the magnetostatic interaction
can be neglected. To consider cases when the magne-
tostatic contribution is comparable or greater then the
anisotropy interaction, we perform the full scale micro-
magnetic simulations with three magnetic interactions
taken into account. Thus, the total energy density reads
E = Eex + Ean + Ed. Here, Ed = −Ms(Hd ·m)/2 is the
magnetostatic energy density, with Ms being the satura-
tion magnetization and Hd being the stray field. To clar-
ify the role of the magnetostatic contribution, we study
the change of the ground state of the system under varia-
tion of two parameters, namely, thickness h and a quality
factor Q = K/(2piM2s ), the latter relates the anisotropy
to the magnetostatic contribution [16].
For our study we fix the ring radius to R = 100 nm
and width to w = 80 nm. The calculations are per-
formed for a magnetic material with A = 1.3×10−11 J/m,
Ms = 8.6×105 A/m. Additionally we introduce the easy-
normal anisotropy with constant K varying [17] in the
way that Q ∈ [0, 2.2]. The thickness is varied [18] within
the range h ∈ [5, 40] nm. For a certain set of parameters
we use the MAGPAR code [19] to minimize numerically
the total magnetic energy of the system E =
∫
E d3r.
To obtain the ground state among the variety of possible
metastable states, we applied a large number of various
initial states [20] for the minimization procedure in each
case. The results are presented in Fig. 2.
We conclude from Fig. 2(a) that the ground state of
the system with low anisotropy is a vortex magnetization
distribution, with the magnetizaiton vectors tangentially
aligned to the Mo¨bius surface, see Fig. 2(b). This is the
typical situation for magnetically soft nanomagnets with
symmetric shape, where the vortex state dominates as
a result of competition between exchange and magneto-
static interactions only, e.g. in magnetic nanodisks [21]
and nanorings [22]. The vortex states with magnetochi-
ralities of opposite signs are energetically equivalent for
the Mo¨bius ring.
In the opposite case of high easy-normal anisotropy
the t-wall appears as the ground state, see Fig. 2(c),(c′).
According to Fig. 2(c′), the t-wall magnetochirality C =
−1 is opposite to the Mo¨bius ring chirality C = +1. This
confirms the conclusion about the coupling of chiralities
of the object and magnetization pattern, which follows
from (7). Moreover, change of the Mo¨bius ring chirality
to the opposite one leads to the corresponding switching
of the magnetochirality of the t-wall [23].
By relaxing the t-wall in different positions χ = X
along the Mo¨bius ring, we confirm the conclusion that
Et ∝ cosX which results in the equilibrium position
X0 = pi, see Fig. 3. It should be noted that the t-
wall with energetically unfavorable magnetochirality C =
C = +1 flips its magnetochirality during the simulation
process. Therefore the corresponding data for the case
CC = +1 are not shown. However, such a behavior con-
firms the above conclusion on coupling of chiralitues of
the object and its magnetization pattern.
We found that the number of t-walls increases with
increasing thickness. For instance, states with three t-
walls are found, see Fig. 2(d). We find out that only
odd number of t-walls is possible. The appearance of a
multidomain structure is the typical consequence of mag-
netostatic interaction, because the creation of domains
leads to stray field energy minimization.
For the Mo¨bius rings of small thickness the transi-
tion between vortex state and t-wall state appears for
Q ≈ 1. However, for larger thicknesses there is a range
of Q, where the state with `-wall is the ground state, see
Fig. 2(a),(e). According to Fig. 2(e) the `-wall magne-
tochirality C = +1 coincides with the Mo¨bius ring chi-
rality C = +1. This confirms the conclusion about the
object-pattern chirality coupling, which follows from (9).
Similarly to the case with t-wall, the alternation of the
Mo¨bius ring chirality to opposite one leads to the corre-
sponding flip of the magnetochirality of the `-wall [24].
The `-wall is an asymmetric Bloch domain wall [25], see
Fig. 2(e′). The influence of magnetostatics leads to an
asymmetric deformation of the Bloch domain wall such
that for thick samples the vortex formation along the wall
is obtained [25], see Fig. 2(e′).
In summary, we demonstrate that the combined cur-
vature induced effect appears for Mo¨bius shaped mag-
netic nanoring with easy-normal anisotropy, namely the
chirality symmetry breaking takes place for both types
of the topologically induced domain walls, transversal
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FIG. 2. Diagram of ground states of magnetic Mo¨bius rings with fixed radius R = 100 nm and width w = 80, see inset (a).
The magnetization distributions of possible ground states are shown in the middle part in a large scale: (b) – vortex state
(marked by disks • on the diagram), (c) state with single transversal Bloch domain wall (open squares ), (d) state with three
transversal Bloch walls (filled triangles H), (e) states with longitudinal domain wall (filled squares ). The detailed structures
of the transverse and longitudinal domain walls are shown in the insets (c′) and (e′) respectively.
∆E/E0 (10
−3)
X
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FIG. 3. Increase of the total energy ∆E when the t-wall is
shifted from its equilibrium position X0 = pi. Points represent
the simulation results for the Mo¨bius ring with h = 5 nm and
Q = 1.72, solid line shows fitting by the expected dependence
cosX, see (7). The normalizing constant is E0 = 4piM
2
s V
with V being the ring volume. The case of the opposite chi-
ralities C = +1 and C = −1 is considered.
and longitudinal. This effect is driven by the effective
Dzyaloshinskii-like term, which originates from the curvi-
linear form of the exchange interaction. It is also shown
that the “vertical” part of the ring is the equilibrium
position of the transverse domain wall.
Experimental verification of the predicted effects is
foreseeable as a micrometer sized single crystal Mo¨bius
ring is already realized experimentally [26]. The experi-
mental realization can be addressed to all-electrical mea-
surements by monitoring quantum spin Hall effect [27] or
topological Hall effect [28] in the Mo¨bius ring.
This work completes the broad theoretical studies of
various physical phenomena for the Mo¨bius geometry
[29–38] by including magnetic phenomena.
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